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Abstract. A control design strategy is proposed based on control allocation for the longitudinal motion 

of aircraft with variable-span and variable-sweep morphing wing. A morphing aircraft can change its 

shape during the flight, which allows the morphing aircraft to carry out various missions efficiently. 

Morphing parameters can be considered as control inputs, and therefore the system has redundant 

control inputs. The dynamics of morphing aircraft is transformed into a state-dependent coefficient 

form and regarded as an over-actuated system by augmenting control input with morphing parameters. 

Control allocation is used to distribute the generated control input adequately. Control allocation solves 

the optimization problem to minimize the displacement of control input, which is designed separately 

with the controller. Numerical simulations are performed to demonstrate the effectiveness of the 

proposed controller. 
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1. Introduction 

A morphing aircraft is an aircraft capable of large-scale shape changes [1]. The morphing system 

can be used to adapt to the varying flight phases or flight conditions, which may improve the flight 

performance such as mission efficiency, controllability or maneuverability. Recently, because of the 

versatilities, lots of research on morphing have been conducted, and various geometric approaches on 

morphing have been studied, which include the morphing wings of asymmetric span [2], variable 

camber [3], and gull wing [4]. In [5], open-loop control law to control the morphing parameters was 

proposed and the aerodynamic performance was analyzed. However, the open-loop control scheme 

could not guarantee the stability of the system. Various robust and adaptive control schemes were also 

studied for morphing aircraft control [6].  

In this study, span and sweep angle variations are considered as morphing parameters, and controller 

is designed. A closed-loop control law is proposed where morphing parameters are considered as 

additional control effectors in addition to the conventional control surfaces. Therefore, the aircraft 

system becomes an over-actuated system which has redundant control effectors which can be used to 

generate the desired forces and moments. Control allocation (CA) method is utilized to distribute the 

desired forces and moments to the control effectors [7]. Various approaches of control allocation have 

been developed [8], for example, weighted pseudo-inverse method, daisy chain control allocation, 

direct control allocation, dynamic control allocation, and linear programming [9]. In this study, the 

pseudo-inverse method is adopted to solve the CA problem, which provides exact solution of 
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optimization problem minimizing displacements of the control inputs. Note that the moments are 

generally considered as the subject to be distributed to the control effectors, but in this study, forces are 

also considered to exploit the property of morphing which can generate additional forces.  

The frequency characteristics of each control effector should be considered in the CA, because the 

rates of morphing parameters are significantly slower than that of the conventional flapped control 

surfaces. In this study, the frequency-apportioned control allocation (FACA) proposed by Davidson et 

al. is adopted to account for the bandwidth gap between the conventional and morphing actuators [10]. 

The morphing aircraft dynamics changes according to the variation of morphing parameters and 

therefore, the system is described as a linear input-varying system that has a dependency on the 

variation of morphing parameters [11].  

In summary, the control law considering system variation for the variable-span and variable-sweep 

morphing wing unmanned aerial vehicle (UAV) is proposed based on the FACA method. To 

demonstrate the effectiveness of the proposed scheme, numerical simulation is performed. 

This paper is organized as follows. Longitudinal dynamic model is described in Section 2, and 

section 3 presents the control law design and control allocation method. Numerical simulation and 

discussion are described in Section 4. Finally, the conclusion is presented in Section 5. 

2. Problem Statement 

The morphing wing UAV considered in this study is shown in Fig. 1. Variable-span and variable-

sweep morphing can be parametrized by two parameters; 1 and 2 . Span and sweep angle variations 

are linearly mapped onto [-0.5, 0.5], which are stated in Table 1. 

 

 
Fig. 1 Morphing wing UAV 

 

Table 1 Morphing wing variable 

 Min. Span Max. Span Min. Sweep Max. Sweep 

Value 1.7m 2.8m 0° 40° 

Variable 1 = -0.5 1 = 0.5 2 = -0.5 2 = 0.5 
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2.1 Longitudinal Dynamic Model of Aircraft 

In this study, only the longitudinal motion of aircraft is considered. The nominal state-space model 

is obtained at the flight condition of airspeed 20 m/s, with the altitude 300 m, where both morphing 

parameters are zero. The dynamics of the longitudinal model can be represented as follows,  

 

 x Ax Bv   (1) 
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T
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T
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State vector x  includes x-axis speed TV , angle of attack  , pitch angle rate q , and flight path angle 

 , and the input vector v  is composed of x-axis force xF , z-axis force zF , and pitching moment M . 

[12]  

2.2 Linear Input-Varying Model  

The nominal dynamic model in section 2.1 consists of constant matrices, where the variation of 

dynamics according to morphing is not considered. To contain the effect of the variation, the nominal 

dynamic model is modified as follows, 
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where 

 

 1 1 2 2,  H v H v     (6) 

 

Note that the partial derivatives of system matrix A  depending on the morphing parameters are 

introduced. The system matrix A and B  are modified to include the effect of morphing parameter 

variation as shown in the Eqs (4) and (5). 

As a result, the linear system is transformed into a nonlinear system, which is called an input-varying 

system. The dynamic model of the system is formulated as a state-dependent system with state-

dependent coefficient matrices.  

Especially, input variables u  are thrust, elevator angle, span parameter, and sweep parameter. 

However, in this part, virtual input variables are used. Note that v  denotes the virtual input that 

represents x-axis force, z-axis force, and pitching moment, which are desired values for maneuvering 

of the morphing aircraft. The desired values are obtained by control law, and then they are distributed 

to input variables through CA.  
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3. Control Design 

In this section, controller using control allocation method is designed for the state-dependent 

system. State-dependent Riccati equation (SDRE) strategy, a well-known optimal control scheme, is 

used [13, 14], and FACA is applied to the controller. FACA is one of the CA methods, which 

distributes the control forces and moments to control effectors considering the difference of frequency 

property. 

3.1 Virtual Control Law 

In this study, the control system is divided into controller and control allocator, and the SDRE is 

used for the virtual control law. The SDRE methodology uses the linear quadratic regulator (LQR) to 

formulate the nonlinear optimal control problem. The virtual control input is obtained by solving the 

algebraic Riccati equation (ARE), which is an extended linearization control method to deal with a 

nonlinear regulation problem. The considered performance index is defined as follows,  

 

 
0

min  ( )T T
J x Qx v Rv dt



   (7) 

 

subject to 

 

 x Ax Bv   (8) 

 

where the matrices Q  and R  are weighting matrices that can be chosen as diagonal matrices by 

considering the dimensions of the state and control effector. 

By solving the optimization problem to minimize the performance index the optimal control input of 

virtual control law is obtained as  

 

 
1( ) ( ) ( )T

v R x B x P x x
   (9) 

 

where ( )p x  is the positive-definite solution of following SDRE. 

 

 
1( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 0T TP x A x A x P x P x B x R x B x P x Q x     (10) 

 

Thus, the system dynamics becomes 

 

 
1[ ( ) ( ) ( ) ( ) ( )]Tx A x B x R x B x P x x   (11) 

3.2 Control Allocation 

Proposed input-varying system considering morphing parameters as the control effector is an over-

actuated system, which has redundant control effectors. Thus, CA is required to distribute the obtained 

control inputs to the control effectors. By using CA, the control effectors are determined to provide the 

desired forces and moments. 

In this study, the morphing parameters are assumed to be changed slowly compared to the 

conventional control surfaces, which means that there exists a difference between the rate of variation 

of morphing parameters and conventional control surfaces. The difference between those rates should 

be considered to determine control effectors. 
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The CA problem is to find the control input vector u , such that 

 

 
desBu v  (12) 

 

subject to 

 

 
min maxu u u   (13) 

 

where 
T

des x zv F F M      is the desired forces and moments determined by virtual control law, and 

B  is the control effectiveness matrix of the following form. 
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The number of columns of B  is greater than the number of rows of B  for the over-actuated system. In 

this study, the number of columns is three; two longitudinal forces and pitching moment. And, the 

number of rows is four; throttle, elevator angle, and two morphing parameters for span and sweep 

angle variations. 

Pseudo Inverse 

The weighted pseudo-inverse method is used for CA method that requires a pseudo-inversion of the 

non-square matrix B . The solution of weighted pseudo-inverse is the two-norm solution to the CA and 

can be obtained by solving the following optimization problem. 

 

 
1

( ) ( )
2

min  T
u W uJ c c    (15) 

 

subject to 

 

 
desBu v  (16) 

 

The solution can be obtained as follows, 

 

 †
desu c B v Bc       (17) 

 

where c  is the offset to consider the saturation of control effectors and 
†B  is the weighted pseudo-

inverse of B  as  

 

 
† 1 1 1( )T TB W B BW B    (18) 

 

where W is a diagonal positive definite weighting matrix and it can be selected to incorporate the satu-

ration of the control effectors. 
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Frequency-Apportioned Control Allocation 

The actuator rate limits should be considered to guarantee the control performance of the slowly 

varying system. The FACA method distributes ⅰ) the high-frequency component of the commands to 

the control effectors with higher rate limits which would be conventional control surfaces, and ⅱ) the 

low-frequency component of the commands to the control effectors with lower rate limits which would 

be morphing parameters. The distribution is implemented by using a low-pass filter (LPF) and the 

distributed desired forces and moment with low frequency and high frequency are as follows, 

 

 [1 ( )]h desv L s v   (19) 

 ( )l desv L s v  (20) 

 

where the LPF is represented as 

 

 
1

( )
1

L s
s




 (21) 

 

The time constant  is the design parameter that determines the frequency at which the commands are 

separated to the lu  and the hu . The time constant can be chosen considering the rate limits of the 

morphing actuators.  

To obtain the control input vector, the weighted pseudo-inverse method is used, and the solution is 

represented as, 

 

 
† †[1 ( )]h h h h desu B v B L s v    (22) 

 
† † ( )l l l l desu B v B L s v   (23) 

 

where 
†

hB  and 
†

lB  are high and low frequency weighted pseudo-inverse, respectively, as 

 

 
† 1 1 1( )T T

h h h h h hB W B B W B    (24) 

 
† 1 1 1( )T T

l l l l l lB W B B W B    (25) 

 

where hW  and lW  are diagonal positive definite weighting matrices. 

Consequently, the control input vector can be obtained as 

 

 
† †[ ( ) {1 ( )}]l h l h desu u u B L s B L s v      (26) 

 

where the control input vector 1 2

T

t eu         is throttle, elevator, and morphing parameters. 

A block diagram of the control allocator including algorithm of FACA is shown in Fig. 2, and a 

block diagram of the entire control system is shown in Fig. 3.  

 

 
Fig. 2 Frequency-Apportioned Control Allocator 
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Fig. 3 Control System 

4. Numerical Simulation 

Numerical simulation is performed to demonstrate the performance of the proposed controller. The 

actuator dynamics are modeled considering the saturation of the actuator in the simulation, and the 

simulation time is set to 50 seconds. Simulation scenario 1 is summarized in Table 2, where the 

airspeed command is constant. Simulation scenario 2 is summarized in Table 3, where the flight path 

angle command is constant. 

 

Table 2 Simulation Scenario 1 

 0-10 sec 10-20 sec 20-30 sec 30-40 sec 40-50 sec 

cmd   0° 3° 0° -3° 0° 

T cmdV   20 m/s 20 m/s 20 m/s 20 m/s 20 m/s 

 

Table 3 Simulation Scenario 2 

 0-10 sec 10-20 sec 20-30 sec 30-40 sec 40-50 sec 

cmd  0° 0° 0° 0° 0° 

T cmdV  20 m/s 18 m/s 20 m/s 25 m/s 20 m/s 

 

First, the system that morphing parameters are included as control effectors is compared with the 

system that the morphing parameters are not included. Figure 4 shows the result of the scenario 1, 

which shows that when the morphing parameters are used as the control effectors, the use of the 

elevator is less than that without morphing. Instead of using the elevator, the span parameter is used as 

control effector. Also, the use of throttle is significantly reduced. Figure 5 shows the results of the 

comparison in scenario 2. It is shown that the use of throttle is saturated when the morphing parameters 

are not used. However, when the morphing parameters are used as the control effectors, the used of the 

throttle is maintained near the trim value and the deflection of the elevator is reduced. As shown in Fig. 

4 and Fig. 5, the use of the conventional inputs is significantly reduced at the expense of slower 

convergence rate.  

Second, the modified system considering the variation of dynamics by morphing is compared with 

the system without considering the morphing variation. The modified and nominal systems are con-

trolled by LQR and SDRE based controller, respectively. Scenario 1 and scenario 2 are considered to 

compare the performance of the LQR and SDRE based controller. Figures 6 and 7 show that span and 

sweep parameters are more actively used for the flight path angle and the airspeed command tracking, 

respectively. It is also observed from Fig. 7 that the SDRE based controller shows faster convergence 

rate than LQR, which is partly because the former can include morphing-induced variations of the dy-

namics. According to the increase of altitude, span parameter is actively used. According to the in-

crease of velocity, sweep parameter is actively used. Moreover, in both of the scenarios, the modified 

system using SDRE based controller provides more accurate fidelity than the existing system. Both of 

the performance indices of the scenarios are represented in Table 4. The performance index of the 

SDRE based controller is less than that of the LQR based controller. 
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Fig. 4 Scenario 1: Flight path angle tracking 

 

 
Fig. 5 Scenario 2: Airspeed tracking 
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Fig. 6 LQR and SDRE controller for scenario 1 

 

 
Fig. 7 LQR and SDRE controller for scenario 2 
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Table 4 Performance Index Comparison 

 Scenario 1 Scenario 2 

LQR 2.5197 4.4216 

SDRE  2.4839 4.3009 

 

To demonstrate of the performance of the FACA, simulation scenario 3 is considered and summa-

rized in Table 5, where the airspeed command is constant and the flight path angle command is more 

aggressive than scenario 1. According to the cutoff frequency, the control effect is distributed low-

frequency component and high-frequency component to each control allocator. As shown in Fig. 8, the 

elevator, which is a conventional control surface, has the high-frequency component, and the morphing 

parameters have the low-frequency component. As the cutoff frequency of LPF increase, the elevator 

moves fast. 

In summary, because the variation of system dynamics by morphing is considered, the fidelity and 

operational performance are improved. Moreover, by considering the frequency difference of the con-

ventional flap and morphing actuator, the rate limits of morphing parameters can be satisfied. 

 

Table 5 Simulation Scenario 3 

 0-10 sec 10-20 sec 20-30 sec 30-40 sec 40-50 sec 

cmd   0° 3° -3° 3° -3° 

T cmdV   20 m/s 20 m/s 20 m/s 20 m/s 20 m/s 

 

 
Fig. 8 Frequency-Apportioned Control Allocation for scenario 3 
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5. Conclusion 

Control design strategy for a variable-span and variable-sweep morphing wing aircraft was proposed 

based on frequency-apportioned control allocation. The dynamic model of the morphing aircraft was 

transformed into an input-varying form. The required control efforts were distributed via the 

frequency-apportioned control allocation method to account for the low bandwidth of the morphing 

actuators. Numerical simulation was conducted to verify the effectiveness of the morphing aircraft. It 

was shown that morphing parameter produces additional forces and moments. For comparison, 

airspeed and flight path angle tracking controller using linear quadratic regulator and state-dependent 

Riccati equation-based controller was designed. Simulation results show that the morphing actuators 

can mitigate aggressive response and actuator saturation by complementing the conventional control 

surfaces, which makes the system more robust against uncertainties. 

For the future studies, the lateral motion will be considered. Then, the couplings of forces and 

moments may extend flight envelope more. Moreover, this study could be applied to the fault-tolerant 

control scheme because of the increased degree of freedom of control effectors.  
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